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Fluctuations are a key property of both classical and quantum systems. While the fluctuations are well un-
derstood for many quantum systems at zero temperature, the case of an interacting quantum system at finite
temperature still poses numerous challenges. Despite intense theoretical investigations of atom number fluctu-
ations in Bose-Einstein condensates, their amplitude in experimentally relevant interacting systems is still not
fully understood. Moreover, technical limitations have prevented their experimental investigation to date. Here
we report the observation of these fluctuations. Our experiments are based on a stabilization technique, which
allows for the preparation of ultracold thermal clouds at the shot noise level, thereby eliminating numerous
technical noise sources. Furthermore, we make use of the correlations established by the evaporative cooling
process to precisely determine the fluctuations and the sample temperature. This allows us to observe a telltale
signature: the sudden increase in fluctuations of the condensate atom number close to the critical temperature.
The experimental realization of weakly interacting Bose-
Einstein condensates (BECs) created a new experimental
paradigm for understanding many particle quantum sys-
tems [1]. However, the population statistics of BECs has
not been investigated experimentally beyond its first moment,
since all higher moments, such as the BEC number fluctua-
tions, were inaccessible due to technical noise. Furthermore,
the theoretical description of these higher moments of weakly
interacting trapped gases poses considerable challenges [2],
and to date no exact prediction is available at the typical ex-
perimental atom numbers.
Historically, the theory of Bose-Einstein condensation for
noninteracting bosons was developed within the grand canon-
ical ensemble [3]. However, the grand canonical description is
inadequate to describe atomic Bose gases of fixed atom num-
bers below the critical temperature for condensation [4]. In
particular, as the ground state becomes macroscopically occu-
pied, grand canonical theory predicts unphysically large fluc-
tuations of the total atom number ∆N ∼ N , which contra-
dicts particle conservation. This observation is at times re-
ferred to as the grand canonical catastrophe [5, 6]. Any de-
scription of the system must therefore be based on the canon-
ical or microcanonical ensemble.
Renewed theoretical interest in the number fluctuations in
a BEC was inspired by the experimental realization of Bose-
Einstein condensation in dilute gases [7]. The asymptotic ex-
pression for the variance of the condensate population in a
canonical ensemble was first derived by Politzer [8] for an
ideal gas
∆N20 =
ζ(2)
ζ(3)
N
(
T
T 0c
)3
, (1)
where T 0c is the ideal gas critical temperature for Bose-
Einstein condensation and ζ(x) is the Riemann zeta function.
This was quickly followed by the introduction of the Maxwell
demon ensemble [9] that enabled the derivation of the asymp-
totic expression in the microcanonical ensemble. In parallel,
BEC
FIG. 1. Fluctuations of a noninteracting BEC in an isotropic har-
monic trap. Left: Illustration of the fluctuation process due to con-
tinuous particle exchange between energy levels. Right: When the
temperature is lowered towards the critical temperature T 0c a grand
canonical ensemble calculation predicts unphysically large fluctua-
tions below T 0c the (dashed line). Below the critical temperature, the
leading contribution Eq. (1) provides a good estimate of the fluctu-
ations [8] (solid line). An exact numerical calculation shows how
these two expressions serve as limiting cases in the two temperature
regions (shaded area).
numerical techniques were introduced for exact calculations
for a finite number of particles [10], and a master equation
approach based on the laser phase transition analogy was de-
veloped [11]. Figure 1 illustrates the breakdown of the grand
canonical ensemble and the behavior of the fluctuations for an
ideal Bose gas.
In general, an ensemble description is physically meaning-
ful only in the presence of interactions. Despite numerous at-
tempts [2, 12–16], no exact results are known for interacting
bosons, especially close to the critical temperature. An ex-
perimental investigation of this fundamental feature is there-
fore of paramount importance. In recent experiments fluctu-
ations in photon BECs were studied under grand canonical
conditions where the particle number conservation does not
apply [17, 18]. However, for atomic BECs only the statistics
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2of the total number of particles has been studied [19].
In this letter, we observe the fundamental fluctuations of
the ground state occupation of harmonically trapped interact-
ing BECs. Despite the considerable theoretical attention out-
lined above, the fluctuations have to date eluded experimental
observation because fluctuations on the order of
√
N are typi-
cally hidden in the technical fluctuations of BEC experiments.
We have recently implemented a stabilization technique that
permits the preparation of ultracold thermal clouds at the shot
noise level [20], which eliminates numerous technical noise
sources. A final evaporative cooling step from this starting
point thus allows for the production of BECs in a precisely
controlled range of atom numbers. We find that both the BEC
occupation and the temperature are strongly correlated with
the total atom number. Based on this correlation, both the
fluctuations and the temperature can be precisely determined,
thereby allowing the observation of BEC fluctuations.
The experimental challenges for the observation of fluctua-
tions are illustrated in Fig. 1. The variance of the peak number
fluctuations of a BEC in a typical realization is ∆N20 ∼ 1.5N .
For a total atom number of N ∼ 5 × 105, this implies that
the standard deviation of the BEC atom number N0 must be
measured at a level of ∆N0 ≈ 700. Thus, the relative pre-
cision of the atom number determination must be better than
∆N
N < 0.14 % [21]. In the following, we describe how this
precision is achieved in our experimental realization.
The experimental apparatus used to produce BECs has
been described in detail previously [22]. Briefly, 87Rb atoms
are initially captured in a magneto-optical trap and trans-
ported into a Ioffe-Pritchard-type magnetic trap where they
are cooled by radio-frequency (RF) evaporation. To stabilize
the production of ultracold clouds, the cooling process is inter-
rupted when the clouds contain ∼ 4× 106 atoms at a temper-
ature of ∼ 14 µK. The stabilization technique was presented
in [20] and here we describe only the improvements to the
procedure relevant for the current experiment. We probe the
clouds using minimally destructive Faraday imaging [23] by
acquiring 50 images that are analyzed in real time. Based on
the outcome, the atom number is corrected by spilling excess
atoms using a weak RF-pulse of controllable duration. The
RF-pulse is resonant with atoms at the mean energy of the
sample and thus does not affect the temperature of the sam-
ple. Subsequently, the magnetic trap is decompressed by in-
creasing the bias field in the axial direction leading to radial
and axial trapping frequencies of ωρ = 2pi × 93.4 Hz and
ωz = 2pi × 17.7 Hz [24] and an aspect ratio of 5.27. At this
point, the clouds are probed by a second set of 20 Faraday im-
ages to ensure that the stabilization was successful. Finally,
BECs are produced by applying a last RF sweep that ends at a
frequency corresponding to the desired average BEC occupa-
tion. To ensure that the clouds are in thermal equilibrium, they
are first held in the trap for a further 3 seconds at the final radio
frequency and 1 s without RF before the trap is extinguished.
Finally, the clouds are probed using resonant absorption imag-
ing after a 27.5 ms time of flight.
To accurately detect the density distribution of dense clouds
we use saturating light at an intensity I = 2.3 Isat, and cal-
ibrate the imaging system following Ref. [25]. Off-resonant
light in the imaging beam limits the maximal observable opti-
cal density and must be minimized. This is achieved by using
a volume Bragg grating, which removes the broad background
of spontaneous emission typically emitted by diode lasers. Vi-
brations of optical components in the imaging system degrade
the ability to normalize the absorption image with a back-
ground image, and thus deteriorate the result of absorption
imaging. To mitigate this effect, the separation between the
images is minimized. By applying an optical pumping pulse
on the |F = 2〉 to |F ′ = 2〉 transition after the absorption
image, all atoms are transferred to the |F = 1〉 state. The
cloud thus becomes transparent to the background imaging
pulse and allows us to reduce the image separation to 340 µs,
which is limited by the camera readout speed.
The atom number and temperature are extracted from the
time-of-flight images as follows. The optical density is inte-
grated by summation in a region of interest (ROI) containing
the entire cloud to obtain the total atom number N . Then the
optical density is fitted with a Bose-enhanced thermal distri-
bution in a ring-shaped ROI, which excludes the condensate,
to obtain the temperature T of the sample. This thermal dis-
tribution is subtracted from the total optical density, and the
condensate atom number N0 is obtained by summation of the
remaining optical density in the central ROI. The high quality
of the absorption imaging thus allows for a precise determi-
nation of the atom numbers N0 and N . However, the fitting
procedure typically results in a larger uncertainty of the tem-
perature, which prevents a direct evaluation of the fluctuations
∆N20 at a given temperature.
This difficulty is overcome due to the stabilization tech-
nique in combination with the inherent properties of evapo-
rative cooling. When an evaporative cooling step is applied to
an atomic cloud of well-known initial atom number and tem-
perature, the final atom number and temperature are strongly
correlated [44]. In typical experiments the initial atom num-
ber is not well controlled, and this correlation is washed out.
In our case, however, the stabilization provides a well-known
initial atom number and after evaporation T and N0 can be
regarded as a function of the total atom number, reducing the
problem dimensionality to a single parameter N .
Figures 2(a) and 2(b) show the BEC atom number and tem-
perature as a function of the total atom number for a chosen fi-
nal radio frequency. The remaining variation of the total atom
number is primarily due to small drifts of the trap’s magnetic
offset field, causing minor variations of N0 and T . Note that
this corresponds to a narrow interval in N , N0 and T . To ex-
tract the variance of the BEC number in such an interval we
linearly fitN0 [45] and obtain ∆N0 by evaluating the variance
with respect to the fit.
In addition, the correlation between N and T over the en-
tire data set allows us to extract a precise temperature for each
realization. Similar to the BEC atom number, we linearly fit
T as shown in Fig. 2(b). Based on this fit we obtain a cor-
rected temperature T ′ for each realization. This method re-
3FIG. 2. Condensate atom number and temperature as a function of
the total atom number [26]. (a) BEC atom numbers and (b) tem-
peratures obtained from a fit to the optical density. The solid lines
are linear fits to the data that are used to obtain the BEC atom num-
ber variance ∆N20 and the corrected temperature T ′. (c) Conden-
sate fraction N0/N as a function of the reduced temperature T/T 0c
(open circles) and corrected temperature T ′/T 0c (blue points) ob-
tained from the correlations illustrated in (b). T 0c is the ideal gas
critical temperature. The dashed line represents the ideal gas result
in the thermodynamic limit, whereas the dot-dashed red line repre-
sents the semi-ideal model including interactions [43].
duces the uncertainty of individual temperatures by using all
temperature information within a narrow interval and by using
the high precision of atom number determination to obtain the
best estimate for the temperature in a particular realization.
Figure 2(c) shows the condensate fraction N0/N as a func-
tion of the corrected temperature T ′/T 0c where the ideal gas
critical temperature T 0c was calculated individually for each
point. The data clearly illustrate the high precision obtained
with this method. The deviation from the ideal gas predic-
tion is primarily caused by repulsive interactions [30]. The
semi-ideal model captures the smooth onset of condensation
and the observed condensate fraction very well. The remain-
ing disagreement is due to the noninteracting thermal approx-
imation of the model and systematic errors of the temperature
determination [26, 36].
Figure 3 shows our main result, the variance of the con-
densate number ∆N20 as a function of the reduced tempera-
ture T/T 0c , where T is the mean temperature. Just below T
0
c ,
the data show a clear onset of fluctuations, as expected from
Fig. 1. The observed fluctuations grow rapidly as the critical
temperature is crossed, and well below T 0c they decay due to
decreasing T and N . To verify this result the experiment was
conducted for different trap aspect ratios and rethermalization
conditions [26]. Additionally, different fitting models of the
absorption images were tested [26].
Each data point in Fig. 3 is based on at least 45 experimental
realizations. The number varies slightly, since a small number
FIG. 3. Fluctuations of the BEC. Blue points: Observed variance of
the BEC atom number. Vertical error bars are statistical uncertainties
of the variance. Horizontal error bars are 1σ spread in the reduced
temperature. Dashed line: Fit to the data using the noninteracting
approximations (see text). Red shading indicates a 1σ confidence
bound on the fit and the step size in T/T 0c at the onset of fluctuations.
Light blue shading: Prediction for the fluctuations of a noninteract-
ing gas using exact particle number counting statistics. Dark gray
shading: Offset due to technical fluctuations.
of realizations where the stabilization failed were excluded.
Above T 0c the data are evaluated with the exact same method
despite the absence of a BEC. The observed variance therefore
corresponds to an offset arising from technical fluctuations.
Based on the average variance of the data points at T/T 0c > 1
we obtain an offset variance ofO = 0.78×105. This confirms
that atom number variations at the level of ∼ 300 atoms can
be detected.
Because of the theoretical challenges posed by this inter-
acting quantum system, a full comparison with a theoretical
prediction is not possible at the atom numbers in our experi-
ments. However, in the following we estimate the most rel-
evant contributions beyond the canonical solution due to the
geometry of the trap and the effect of interactions.
First the dependence of the fluctuations on the geometry
of the trapping potential is analyzed. We calculated the fluc-
tuations for a noninteracting Bose gas in the canonical en-
semble using exact particle number counting statistics [10].
Figure 4(a) shows the maximum relative variance of the fluc-
tuations for a spherical trap and for our elongated trapping
geometry as a function of the total atom number. For large
atom numbers, the limiting value corresponds to the result of
Eq. (1) at T 0c which yields ∆N
2
0,max/N = ζ(2)/ζ(3) ≈ 1.36.
We attribute the behavior in the elongated trap at intermediate
atom numbers to the reduced dimensionality of the system at
these parameters, which leads to increased fluctuations. The
asymmetry of the trapping potential thus plays a crucial role
for the expected maximal fluctuations. For our case these fluc-
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FIG. 4. Influence of geometry and interactions on the condensate
fluctuations. (a) Maximal fluctuations of the number of condensed
particles max(∆N20 /N) as a function of the total number of atoms
for the spherical trap ( ) and the traps in which experiments have
been performed with aspect ratios 5.27 ( ) and 7.64 ( ) [26]. The
horizontal gray line is the limiting value ζ(2)/ζ(3) given in Eq. (1).
(b) Fluctuations of the condensate atom number in the interacting
system relative to the noninteracting system as a function of the in-
teraction strength n(0)1/3a, where n(0) is the peak density and a the
scattering length. ( ) and ( ) are results obtained within the classical
field approximation for N = 100 and N = 200 atoms [26]. The
other points correspond to [16], [13], [15]. The vertical dashed
line indicates a typical interaction strength in our experiments.
tuations are enhanced by 15% compared to a spherical trap.
Secondly we discuss the effect of interactions on the fluc-
tuations. Despite considerable theoretical effort [2], there is
currently no model offering an exact prediction for a trapped,
interacting BEC for large number of atoms close to the phase
transition. We therefore estimate the effect of interaction us-
ing a classical fields approach (CFA) for smaller samples of
up to 400 atoms, but adjust the interaction strength to mimic
the experiment. The CFA has been described in detail in [42].
Briefly, we map the quantum field operator Ψˆ(r) to a clas-
sical field decomposed into harmonic oscillator (HO) eigen-
functions of the trap. Thus we map the quantum problem to
a classical one described by the complex HO amplitudes. To
avoid an ultraviolet catastrophe, we use an appropriate cut-
off for the high energy modes [38]. Finally, we sample the
phase space in thermal equilibrium by using the Metropolis
algorithm [26, 37]. Figure 4(b) shows our result in terms
of the ratio between the maximal fluctuations of an interact-
ing and a noninteracting BEC as a function of the interaction
strength n(0)1/3a. Additionally, appropriately scaled results
from all other available simulations for interacting harmoni-
cally trapped BECs are displayed. These calculations indicate
that the interactions play only a minor role, and thus a com-
parison with the ideal gas result is sufficient to analyze the
present experimental result.
Based on this understanding we compare our experimen-
tal results to noninteracting canonical theories in two ways.
First we compare our result with an exact canonical calcula-
tion [10], shown as a blue shaded region in Fig. 3 for our trap-
ping geometry and atom number at each T/T 0c . To account
for technical fluctuations we have added the constant offsetO
to the theory. The striking increase in fluctuations just below
the ideal gas critical temperature is well reproduced in this
comparison. The increase is consistent with our data, which
shows the same feature, thus demonstrating that we have ob-
served the onset of fluctuations in a BEC.
Secondly, we compare our results with the limiting nonin-
teracting theoretical cases presented in Fig. 1 [8]. Inspired by
these results, we choose the fitting function
∆N20 = min
αN
(
T
T 0c
+ δt
)3
+O
N0(N0 + 1) +O,
(2)
where the free parameters are the amplitude of the fluctua-
tions, α, and the shift of the reduced temperature, δt. The
result of the fit is shown in Fig. 3 providing α = 1.65(17) and
δt = −0.040(9). The amplitude α is slightly larger than the
limiting value α = ζ(2)/ζ(3) = 1.36 for the noninteracting
case Eq. (1). This is consistent with an expected enhance-
ment of the fluctuations due to the asymmetry of the trap as
shown in Fig. 4(a), and hence the agreement with the non-
interacting calculation taking trapping geometry into account
is very good. Additionally, we observe a small shift in the re-
duced temperature of 4.0 %, which is expected due to a shift of
the critical temperature caused by interactions [26, 30]. The fit
also allows us to extract the maximal fluctuations ∆N20,max =
4.1(8)× 105 at a reduced temperature (T/T 0c )max = 0.96(8)
and atom number Nmax = 2.58(6)× 105.
In conclusion, we have observed the atom number fluc-
tuations in a trapped interacting BEC indicated by a telltale
increase of the fluctuations at the critical temperature. The
observed fluctuations are well described by a noninteracting
theory including the asymmetry of the harmonic trap. At the
present signal-to-noise level, it is not possible to discrimi-
nate between different theoretical predictions for the fluctu-
ations in interacting BECs. In future experiments we plan
to investigate the scaling of the fluctuations with the atom
number at fixed temperature, which has been theoretically de-
bated [12, 13, 46, 47].
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I. FLUCTUATIONS UNDER DIFFERENT
EXPERIMENTAL CONDITIONS
To assess the influence of trapping geometry and equilibra-
tion time the fluctuations of the BEC atom number were in-
vestigated under different experimental conditions. A second
data set was obtained for larger atom numbers and a more
asymmetric trap with radial and axial trapping frequencies of
ωρ = 2pi×128.5 Hz and ωz = 2pi×17.7 Hz. Additionally, the
RF frequency was held at its final frequency for two seconds
before trap was turned off, providing different conditions for
rethermalization. This data set was used in Fig. 2 of the main
text.
Figure 1 shows this data set (open red points) together with
the one discussed in the main text (blue points). The latter
dataset was selected for the main text due to improvements
in the imaging sequence as reflected in the lower offset vari-
ance. The decrease in both atom number and temperature is
due to the evaporation sequence. Figure 3 in the main text
corresponds to the projection onto the temperature axis.
Both measurements show the clear signature of the fluc-
tuations, namely the sudden increase as the temperature falls
below the critical temperature, followed by a reduction in fluc-
tuations as the atom number and temperature decreases. This
confirms that the observation of the fluctuations is insensitive
to the particular rethermalization conditions.
The observed relative atom number fluctuations at the peak
are ∆N20 /N = 1.6(3) atNmax = 2.58(6)× 105 (blue points)
and ∆N20 /N = 2.9(7) atNmax = 4.05(3)× 105 (red points).
We attribute the larger relative peak fluctuation to the more
asymmetric trapping geometry and larger detection uncer-
tainty in the second data set. The fit of Eq. (2) in the main
text to this data set yields α = 3.0(3) and δt = −0.015(4).
In addition, all data were analysed with a different choice
of fitting model for the thermal density. In particular, an ex-
treme model, where N0 was taken to be the entire atom num-
ber number in the central ROI, was tested. While this over-
estimates the condensate fraction N0/N , the defining steep
increase in the fluctuations at the critical temperature and sub-
sequent decay was reproduced. This shows that our result is
insensitive to the specific choice of fitting model.
N (×103)
FIG. 1. Comparison of two measurements of the fluctuations ob-
tained under different experimental conditions. Blue circles corre-
spond to the data presented in the main text. Open red circles is data
obtained at larger atom numbers in a more asymmetric trap. The
shaded areas are fits of Eq. (2) in the main text to the data.
II. SHIFT OF THE CRITICAL TEMPERATURE
A detailed investigation of the mean condensate fraction in
comparison with semi-ideal and self-consistent models is be-
yond the scope of this letter and will be the topic of future
work. However, this section extends the discussion of the dif-
ference between the ideal gas result and the condensate frac-
tion shown in Fig. 2(c) of the main text.
For a finite number of trapped atoms the onset of conden-
sation is a smooth transition, as is evident in Fig. 2(c) of the
main text, and a definition of the critical temperature becomes
somewhat arbitrary. Nonetheless, effects due to the finite size
and the interactions are typically discussed in terms of a shift
of the critical temperature ∆Tc/T 0c = (Tc − T 0c )/T 0c , where
Tc is the observed critical temperature and T 0c the ideal gas
value. In general, three effects contribute to the shift, namely
the finite size of the system, a mean field modification of the
density profile due to interactions and interaction induced cor-
relations.
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2The finite size of the system leads to a reduction of the criti-
cal temperature due to the finite zero-point motion of the low-
est energy state. The first order contribution is [1]
∆Tc
T 0c
= − ζ(2)
2ζ(3)2/3
ωavg
ω¯
N−1/3, (1)
where ωavg and ω¯ are the arithmetic and geometric averages
of the trapping frequencies, respectively. For our experimen-
tal parameters at the point of peak fluctuations whereNpeak =
2.58(6)× 105 this corresponds to a shift of ∆Tc/T 0c =
−1.45 %. Additionally, the finite size of the system leads to a
smoothening of the onset of condensation [2].
Interactions modify the critical temperature in two
ways [3]. First, repulsive interactions increase the size of a
trapped gas and lower the central density. This also leads to
a reduction of the critical temperature and consequently a re-
duction of the condensate fraction at temperatures below T 0c .
Since interactions do not modify the density of a homoge-
neous gas, this shift is absent in homogeneous systems. The
first order shift within mean field theory is given by [4]
∆Tc
T 0c
= −3.43 a
λth
, (2)
where the ratio of the scattering length to the thermal wave-
length is a/λth = 0.011 at the critical temperature in our ex-
periment. This yields a shift of −3.77 %. To fully account for
the effect of interactions, one must solve the Hartree-Fock-
Popov model self-consistently [5]. The semi-ideal model pro-
vides a convenient simplification by neglecting the repulsion
by the thermal atoms, and is compared to experimental data in
Fig. 2(c) of the main text.
Finally, interactions induce correlations that cause a posi-
tive beyond-mean-field shift of the critical temperature [6–8].
This shift persists in the homogeneous case. Historically, both
the magnitude and sign of the shift have been a point of de-
bate [3]. The beyond-mean-field corrections were experimen-
tally studied for harmonically confined gases [9]. This shows
that the correction is small when a/λth . 0.01 as in our ex-
periment, in agreement with earlier studies of the condensate
fraction [10]. According to [9] the beyond-mean-field correc-
tion is estimated to be 0.56 %.
III. CLASSICAL FIELD APPROXIMATION (CFA)
The classical field approximation is a method to compute
the statistical properties of the quantum many-body system at
equilibrium. In the following we briefly sketch the full quan-
tum description in order to introduce its classical version.
The system at equilibrium at the temperature T is in a
mixed state
ρˆ =
1
Z
e−βHˆ (3)
where Z = Tr
{
e−βHˆ
}
is the partition function and β =
1/(kBT ) is the inverse temperature with kB the Boltz-
mann constant. We investigate a system of N particles
trapped in a symmetric harmonic potential V (x, y, z) =
1
2 mω
2
(
x2 + y2 + z2
)
interacting via a contact potential
V2-body (r1, r2) = g δ (r1 − r2). The corresponding many
body Hamiltonian in second quantization reads
Hˆ =
∫
d3r Ψˆ†(r) hˆ1 Ψˆ(r)
+
g
2
∫
d3r Ψˆ†(r) Ψˆ†(r)Ψˆ(r) Ψˆ(r), (4)
where hˆ1 = −~2∆2m + V (r) is the single particle Hamiltonian
and Ψˆ(r) is the bosonic field operator anihilating a particle at
position r.
Even at “high” temperature kBT  ~ (ωxωyωz)1/3,
bosons may accumulate in a single state, the Bose-Einstein
condensate. In case of the ideal gas, this orbital is the single
particle ground state, i.e. a Gaussian function. For interacting
atoms, the definition of the condensate is more subtle. Here
we use the Penrose-Onsager criterion. In this case, one uses
the single particle reduced density matrix
ρˆ(r, r′) =
1
N
Tr
{
ρˆ Ψˆ†(r)Ψˆ(r′)
}
, (5)
which can be uniquely written in the form
ρˆ(r, r′) =
1
N
∞∑
l=0
Nlφ
∗
l (r)φl(r
′). (6)
The Penrose-Onsager criterion states that condensation occurs
if there exists an eigenvalue Nl that is macroscopic and dom-
inates all other eigenvalues, i.e. Nl ∼ N . By convention this
dominant eigenvalue is given the index l = 0. Then the cor-
responding single-particle wavefunction φl=0(r) is called the
condensate.
Our goal is to compute the average number of atoms in
the condensate 〈Nl=0〉 and the variance of this occupation
∆N20 = 〈N2l=0〉 − 〈Nl=0〉2. It is impossible to find these
quantities exactly, even numerically. To estimate them we use
the classical field approximation. The central object is the
classical field instead of the quantum field operator
Ψˆ(r) 7→ Ψ(r). (7)
Then the Hamiltonian operator in Eq. (4) becomes the func-
tional
Hˆ 7→ H [Ψ] =
∫
d3rΨ∗(r) hˆ1 Ψ(r) +
g
2
∫
d3r |Ψ(r)|4
(8)
The classical field theory of bosons leads to the ultraviolet
catastrophe - a pathologically large occupation of the high
momentum modes. The remedy is to appropriately restrict
the total phase-space to the low-energy modes only. We do
this by decomposing the classical field Ψ(r) in the harmonic
oscillator basis restricted to the low energy modes
Ψ(r) =
i+j+k≤K∑
i,j,k
αijkhi(x)hj(y)hk(z), (9)
3where coefficients αijk are complex numbers, K is the cut-
off parameter and h denote the eigenstates of the harmonic
potential. The cut-off leads to a finite length of the state vec-
tor and avoids the ultraviolet catastrophe. We use a cut-off
K that leads to the best approximation of the real probability
distribution. Our cut-off formula for the symmetric trap is
K =
⌊
1
2
+
T + µ
0.33 (T + µ)
−1.16
+ 0.46
⌋
, (10)
where µ = µ(N0,K) denotes the chemical potential of the
condensate. This formula is a fit to the optimal cut-offs to
match the exact results for (i) average occupation of the con-
densate of the ideal gas and (ii) the 3D shape of the conden-
sate at zero-temperature, when the condensate can be obtained
simply from the 3D Gross-Pitaevskii equation. At each tem-
perature we determined a self-consistent solution with such
number of atoms in the condensate, that its chemical potential
µ matches the chemical potential used in the cut-off Eq. (10).
The Hamiltonian (8) and the density matrix become func-
tions of the complex amplitudes αijk, denoted for brevity as
the vector α
H (α) = ~ω
∑
i,j,k
(i+ j + k) |αijk|2 +
∫
d3r
∣∣∣∣∣∣
i+j+k≤K∑
i,j,k
αijkhi(x)hj(y)hk(z)
∣∣∣∣∣∣
4
(11)
ρ (α) =
1
Z e
−βH(α) δ(N −
∑
i,j,k
|αi,j,k|2) (12)
Z = 1
piM
∫
dα e−βH(α) δ(N −
∑
i,j,k
|αi,j,k|2), (13)
where M is the number of complex amplitudes. The Dirac
deltas in the last two equations express the fact that we work
in the canonical ensemble in which the modes’ occupations
|αijk|2 sum up to the total number of atoms.
To compute the statistical average of an operator Oˆ one first
has to express it as a function of classical amplitudes α
Oˆ 7→ O (α) (14)
and then compute its average in the phase space of complex
amplitudes α with the distribution given by ρ(α)
〈Oˆ〉 ≈ 1
piM
∫
dα ρ(α)O(α). (15)
To evaluate the high dimensional integrals we use the
Metropolis algorithm.
The first quantity to compute is the reduced density matrix.
In the classical field approximation it becomes a finite matrix
ρˆ(r, r′) 7→ {α∗ijk αlmn}ijk; lmn . (16)
Diagonalization of this matrix averaged according to Eq. (15)
gives the dominant eigenvalue, which is the occupation of the
condensate. The corresponding eigenvector αBEC is the con-
densate amplitude. Knowing the condensate vector one can
find the second moment of its occupation
〈Nˆ20 〉 ≈
1
piM
∫
dα ρ(α)
∣∣α∗αBEC∣∣4 , (17)
where α∗αBEC is the scalar product of the vectors α∗ and
αBEC.
The classical field approximation works perfectly in
1D [11, 12] and quasi 1D (the Supplementary Material of
Ref. [13]). It was also successfully used to treat a wide
range of phenomena in 2D dipolar system [14] and in quasi
2D [13, 15] (see also [16]).
We used the CFA method to estimate the condensate frac-
tion and its fluctuations for the symmetric trap. The aver-
ages given by the integrals in Eq. (15) require integrations in
spaces with dimensions scaling with the cut-off as K3, which
is O(100) even for small cut-offs. With an optimized code
running the problem on a large computation grid (Polish com-
putational infrastructure, PL-GRID) one has to restrict the in-
vestigation to small total atom numbers and deal with visible
statistical errors. To estimate the role of interactions for the
fluctuations we compared the ratio between the fluctuation for
the ideal and the interacting gas, both cases computed within
CFA. The maximal value of the fluctuations were obtained
from a high order polynomial fitted to the numerically com-
puted fluctuations.
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